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Fundamental- and Harmonic-Frequency Circuit-Model
Analysis of Interdigital Transducers with Arbitrary

Metallization Ratios and Polarity Sequences

W. RICHARD SMITH, mMEMBER, 1EEE, AND WILLIAM F. PEDLER, MEMBER, IEEE

Abstract—A three-port circuit model is developed that describes
the operation of interdigital transducers with arbitrary metallization
ratios and electrode-polarity sequences at fundamental and higher
harmonic frequencies. The electric fields that excite surface acoustic
waves are found on an electrode-by-electrode basis using the ap-
proximation that the local electric fields are not influenced by elec-
trodes more distant than the next-nearest neighbors. The resultant
fields are expressed in terms of familiar functions, with a ‘“universal”
set of expansion coefficients given in Appendix II. Use of these fields
in the circuit model developed eatlier by other authors describes

arbitrary transducers by modeling each electrode using the expah- '

sion coefficients appropriate to the local electrode environment.
Tilustrative results include the effective coupling coefficient of single-
and double-electrode transducers of arbitrary metallizatjon ratio for
frequencies up to and including the eleventh harmonic. Also included
is one example of the consequences of end effects in short trans-
ducers, and a detailed comparison of theory and experiment for
transducers with a nonalternating polarity sequence [phase-reversal
transducers (PRT’s)].

I. INTRODUCTION

HIS PAPER describes a new circuit model for inter-
digital transducers that accounts for the spatial dis-
tribution of the driving electric field in transducers with

arbitrary metallization ratios and polarity sequences. It.

therefore gives a description of transducer operation at
both fundamental and higher harmonic frequencies and
accounts for end effects in short transducers as well as
for the effects of polarity reversals in phase-reversal trans-
ducers (PRT’s). The new circuit model is essentially a
generalization of the crossed-field Mason-circuit model.

The crossed-field Mason-circuit model [17] has been
suceessful in predicting many of the interesting properties
of interdigital transducers. For fundamental-frequency
operation, i.e., operation in a band near the synchronous
frequencies of the electrodes (where the electrode spacing
is one-half acoustic wavelength), the crossed-field model
gives a rather accurate prediction of all the three-port
scattering properties of a transducer. The accurate pre-
diction of the acoustic reflection coefficient has been aided
by the use of different acoustic-wave impedances in the
electrode and gap regions to represent electrode mass/elec-
trical loading.
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Fig. 1. Crossed-field bulk-wave model compared to surface-wave
transducer geometry. (a) Crossed-field bulk-wave model used to
represent ‘an interdigital surface-wave transducer. (b) Geometry
for one electrode section of an interdigital surface-wave transducer.

Because the crossed-field Mason circuit was derived
for bulk waves [2], it is strictly valid for the bulk-wave
electric/acoustic field distributions shown in Fig. 1(a)
rather than for the surface-wave field distributions shown
in Fig. 1(b). In using the crossed-field model for surface

* waves, we have previously made certain modifications

[3] to the Mason equivalent circuit which are appropriate
to the surface-wave geometry of Fig. 1(b). Specifically,
for the case of single electrodes with alternating polarities,
we previously caleulated the electrostatic capacitance from
the surface-wave field distribution of Fig. 1(I»), including
the effect of the metallization ratio L./S,. In addition,
we previously included the effects of electrode mass/elec-
trical loading by subdividing each element! into Mason
circuits for the electrode and gap regions. The important
feature here is that the acoustic-wave admittance (Yg)
of the metallized electrode regions is slightly different
from that of the gap regions (¥Y¢). In this circuit we used
the actual metallization ratio in determining the relative
acoustic-transmission-line lengths for the electrode and

1 The term “‘element’ refers to that portion of a transducer which
consists of one electrode and the adjacent interelectrode gap.
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gap portions of the corresponding Mason circuits. Further-
more, for the case of double electrodes, we further sub-
divided the Mason circuit so that the alternating trans-
mission lines of wave admittances Yg and Y¢ always
correspond in sequence and in length to the alternating
stripes and gaps in the transducer. However, we did not
calculate the exact capacitance of double electrodes as a
function of the metallization ratio.

The bulk-wave Mason model has been successful for
operation near acoustic synchronism because in that re-
gion, the shape of the transducer transfer functions is
controlled primarily by the way in which the waves from
the various electrodes interfere rather than by the fre-
quency dependence of any one electrode. Specifically, the
electroacoustic transfer function is dominated by the
array factor [37], A(B), given by

N
A(B) = 2 en(B) exp (—jBxa). (1)

n=l
Here 8 is the wavenumber, z, is the spatial position of the
~ nth electrode, N is the number of electrodes, and ¢.(8) is
the element factor of the nth electrode. The element factor
is the Fourier transform of some appropriate field quan-
tity which is taken as the source term for acoustic waves
under one electrode. It is a slowly varying function of the
wavenumber 8 ecompared to the transducer array factor
A(B). In the crossed-field Mason bulk-wave model, this
source field is taken as d/dz(E,) where E, is the electric
field component normal to the surface, and z is the direc-
tion of propagation along the surface. Since this source
field consists of a pair of delta functions for the Mason
circuit, the crossed-field Mason-circuit model is closely
related [3] to the delta-function model [4] and impulse

model [5].

It is the slowly varying element factor e,.(8) that is
inaccurate when using the Mason circuit, delta-function
model, or impulse model to describe surface-wave trans-
. ducers. Since an inaccurate electric field distribution
(usually independent of the metallization ratio) is used,
the element factor incurs severe errors at frequencies far
removed from acoustic synchronism, and any of the fore-
going models is incapable of describing overtone operation.
In addition, end effects in short transducers, nonalter-
nating polarity sequences, and the double-electrode [67],
[7] geometry are not adequately described.

The present work overcomes these difficulties by com-
bining features of several previous analyses. Some of these
contained the appropriate electric field distribution or ele-
ment factor for specific geometries but lacked the com-
plete three-port transfer function description of a circuit
model approach. In the important early work by Engan
[8], the proper electric field distribution was found for
an infinite array of single electrodes. More recently, Hart-
mann and Secrest {97 developed a computer program
which uses an iterative procedure to find the electric fields
for a transducer consisting of a finite number of electrodes
of arbitrary width and spacing, with an arbitrary uniform
potential specified on each electrode. Using this program,
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Fig. 2. Equivalent circuit model for one electrode and adjacent
gap in an interdigital transducer.

they presented the spectra of a source term for acoustic
waves, giving as examples the harmonic content for an
infinite array of double electrodes and the reduction in
effective coupling strength of electrodes near the end of
a transducer.

Another recent development was the introduction by
Krimholtz [107] of the circuit? of Fig. 2 as a replacement
for the Mason bulk-wave circuit. As originally set forth
by Leedom et al. [117, the purpose of this new circuit was
to decrease the complexity of circuit model computation
by representing an enfire {ransducer by the single circuit
of Fig. 2. Although this circuit is valid for an acoustic
source term which is an arbitrary scalar function of the
acoustic propagation coordinate x, it was originally applied
by assuming the same electric field distribution of the
crossed-field bulk-wave model, thus emulating the crossed-
field Mason-circuit model.

It has since been proposed by Bahr and Lee [12] that
the circuit of Fig. 2 can be used to give a better description
of surface-wave transducer performance, including over-
tone operation and the effects of metallization ratio, if
some scalar acoustic source distribution appropriate for
surface waves is used. Accordingly, they took the field
distributions found by Engan [8] for an infinite array of
single electrodes, and used as the source term the normal
component of electric field at the substrate surface with
an appropriate normalization. The results were in gen-
erally good agreement with experimental data for single-
electrode transducers operated at the fundamental, third,
and fifth harmonics for metallization ratios between 0.2
and 0.7.

The present work extends the above results so that the
circuit, model of Fig. 2 can be used to give an accurate
three-port characterization of transducers with any num-
ber of electrodes, single, double, or in arbitrary polarity
sequence, for fundamental frequency or higher harmonic
operation.

II. ELECTRIC SOURCE TERM FOR
ACOUSTIC WAVES

In order to use the circuit model of Fig. 2, it is necessary
to find a suitable scalar function of the (vector) electric
field to use as a source term for acoustic waves. We make

2 Krimholtz’s circuit actually consists of the portion of Flg 2
marked electrode region.
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two fundamental assumptions in finding the electric fields.
First is the approximation that the electric fields under a
given electrode depend only on the dimensions and polari-
ties of that electrode and its nearest and next-nearest
neighbors (local environment). Second, we assume that
the electrode widths and spacings are either all identical
or that they vary so slowly from electrode to electrode
that all electrodes within the local environment have iden-
tical dimensions. Therefore a single metallization ratio
and a sequence of polarities describes the local environ-
ment and determines the electric fields under a given elec-
trode. Obviously there is a finite number of polarity
combinations, with end electrodes and next-to-the-end
electrodes being special cases. By solving a set of electro-
static boundary value problems containing all possible
local environments, we can develop expressions for the
electric fields under any one electrode in any environment.

Fig. 3 shows the geometry for finding the electric fields.
The coordinate along the acoustic propagation direction
is z, and that normal to the substrate surface is z. The
electrodes are assumed to be infinitesimally thin perfect
conductors. Each electrode is assigned a potential £V
and we may take ¥V = 1 without loss of generality. The
voltage applied across the transducer is then AV = 2.

Because of the assumptions above, it suffices to find the
electric fields for a finite array of electrodes all of whose
metallization ratios are the same

S;
m=L =7

. (2)

and whose spacings L; = L are also all equal. In this study
we set up an array of twelve electrodes and solved (as
described below) for the electric fields for different sets
of polarities V;(¢ = 1,+-+,12). Combinations of polarities
V(i = 1,-++,12) were selected so as to encompass all pos-
sible independent local environment polarity sequences
(subsections of the 12-electrode array consisting of at most
five electrodes).

Note that each local polarity sequence $ has a corre-
sporgding sequence —$§ where all polarities are reversed
and also a sequence $ which is $ inverted with respect to
z. Only the sequence 8 need be analyzed in the electro-
static boundary problem in order to also determine by
symmetry the fields for sequences —$, §, and —3§. Con-
sequently, it is found by inspection that there are 22 in-
dependent local polarity sequences 8,, (p = 1,-++,22)
for the next-nearest-neighbor local environment approxi-
mation, including end electrodes and next-to-the-end elec-
trodes as special cases. By analyzing each sequence for
several values of the metallization ratio » we can use a
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Fig. 3. Geometry for finding excitation electric fields in an inter-
digital transducer.
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two-dimensional least squares fit against x and 4 to write
the electric fields for one electrode Ey(z,n) using well-
known functions of z and 7.

In view of the success of Bahr and Lee [127], we will use
the normal electric field component E,(z,z == 0) appro-
priately normalized, as the scalar source term for the
circuit model. For our infinitesimally thin electrodes, this
field is zero in the gap regions and is proportional to the
surface charge density p(z) in the electrode regions. The
boundary value problem for p(x) is specified by the in-
tegral equation

V{(2,0) = ¢ log [(x — 2")2p(2’) da’ (3)
array
with zero total charge condition
0=Q= o(z) dx 4)
array
and with potentials
Vi= =+l (5)

specified on the electrodes.

This boundary value problem was solved numerically
for p(z) by subdividing electrode 7 into small segments
centered at the disecrete points z = x4, each bearing
charge pi = p(za), and converting (3)-(5) to a system
of linear equations for pw. Further details of the solution
of (3)—(5) are given in Appendix I and we note that this
is essentially the same electrostatic boundary value prob-
lem considered by Hartmann and Secrest [9]. Having
found E.(x,z = 0) « p(zx) for various values of 9 and V,
we now write for the 7th electrode

Ez(ﬂ?i,‘fh‘) |z=0 AL1 M—1 N
T(AV/LS i — 0.5)™ g P
(AV/L:) 3 mé} (n ) z;o @
Tn(zwi/ThLl)

ConL2)t — zegn O
Here T, is the Chebyshev polynomial of order n and the
coefficients «,,®? are found by least squares fit of the
charge density p(x) against (0 < v < 1) and the con-
tinuous variable z; in the region of the ith electrode. In
this study 3,9 = 6 were used. The parameter 4 is a di-
electric constant ratio given by

A = 2nfew/€2n —

€? /ezzz:]l/z.
This anisotropy factor relates the field
E.(xin:) |o=o/ (AV/Ls)

to the double sum on the right-hand side of (6), which is
also proportional to p(z).

Note that the expression (6) is to be used for any elec-
trode ¢ in any transducer where the local metallization
ratio has the value 5; and the local polarity sequence
around electrode ¢ is 8,. Appendix II tabulates the 22
independent sets of coefficients a.n® corresponding to

)
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the 22 independent sequences $,. Note that —a,,® cor-
responds to sequence —S$,, and ( —1)™ay,,® corresponds
to sequence $,, and (—1)™"a,,,® corresponds to sequence
—8,, because of the parity of the Chebyshev polynomials.
The o« coefficients were extracted from numerical charge
density solutions in an array of 12 electrodes. Each se-
quence 8, listed in Appendix II consists of, at most, five
contiguous electrodes (extracted from the 12-electrode
array) because we apply the results under the approxima-
tion that only the nearest and next-nearest electrodes in-
fluence the charge on any given electrode. The coefficients
in Cases 1-12 of Appendix II were obtained from the
charge density on the end and next-to-the-end electrodes
of the array, while those for interior electrodes (Cases
13-22) were obtained from the charge density on elee-
trodes near the center of the array. No significant differ-
ences were found when the charge density calculations
were repeated using a 20-electrode array. We conclude
that the 12-electrode array was sufficiently large that the
interior electrodes were not influenced by end effects.

III. USE OF ELECTRIC FIELDS IN
EQUIVALENT CIRCUIT MODEL

In the equivalent circuit of Fig. 2, the parameter C is
the capacitance associated with the charge and voltage
on one electrode. Integrating the charge density distribu-
tion [[double sum in (6) ]} from z; = —x:L;/2 to x; = 7:L:/2
results in a contribution to the total charge from the n = 0
terms only, yielding

Q: 4 T2 -
= = =T .. D — 1/2)™. (8
C=C an -2 Eo aom ™9 (1 /2)™ (8)

The parameters Ys and Y¢ in Fig. 2 are the acoustic-wave
admittances, while ¥ and ¢ are the acoustic transit angles
of the electrode and gap regions, respectively. The transit
angles are given by

¥ = wS/vg 9)

and

¢ = wl/vg (10)

where w is the angular frequency, S and G the respective
widths of the electrode and gap, with vs and vg taken as the
corresponding acoustic velocities.

In this study we use the circuit of Fig. 2 for one electrode
and the adjacent gap only, and cascade the individual
electrode cireuits in the usual way [17], [3] to represent
the entire transducer. In this way, the acoustic reflections
due to the different acoustic-wave admittances of elec-
trodes and gaps (¥Vs 5 Y¢) can be properly described.
When Y5 = Vg, the electrode-region portion of Fig. 2
can be used to represent an entire transducer.’* Also, pro-
vided that Ys and Y are nearly equal and the number of
electrodes is not too large, that single circuit is a good ap-
proximation for an entire transducer if the transmission

3 A condition that is nearly realized under appropriate combination
of the following conditions: double electrodes, few electrodes, or a
weak-coupling substrate such as quartz.
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lines (Y4, ¥) are replaced by a sequence of lines of alter-
nating admittances Yg and Y¢ corresponding to the elec-
trodes and gaps of the entire transducer [137]. Neverthe-
less, we eliminate that approximation here by using the
cascade procedure and one circuit for each electrode.

As explained in [10]-[12], the parameter 7 of the equiv-
alent circuit of Fig. 2 is given by

r = jBY s 2Fo(B). (11)

The J-inverter has the property of acting like a quarter-
wave transmission line at all frequencies. Its ABCD
matrix is

0 j/B,

iB: 0
where
B, = —BF.(B) Y52 (12)

In (11) and (12) B is the wavenumber, and F,(8) and
Fo(B) are the real and imaginary parts of the (spectral)
excitation function, which we choose as

]1/2
1=1/2

()" o

where ¥ denotes the Fourier transform with argument 3.
This choice corresponds to using as the excitation function
an appropriately normalized version of the E, component
under the ith electrode. The wavenumber 8, is a reference
wavenumber, usually at the center of the fundamental
transducer response, while f; is the half-wavelength fre-
quency of the ¢th electrode. The substrate coupling con-
stant k® may be taken as 2Av/v where Av/v is the fractional
velocity change caleulated by Campbell and Jones [147].
The factor in square brackets is a normalizing factor
closely related to the transformer ratio of the ordinary
Mason bulk-wave circuit as applied with surface-wave
parameters [1]-[3]. The factor (8,/8) in the square
bracket represents a filling factor resulting from the fact
that the electric field penetration depth is determined by
the transducer geometry or fundamental wavenumber
Bo, while the penetration depth of surface elastic waves
varies inversely with frequency [127]. This choice agrees
with the normal mode theory of Auld and Kino [157.

In [12] the factor (2x/A) was inadvertently omitted
[167]in the published expression for the excitation function
although it was actually included in the work. Its inclu-
sion is necessary for agreement with [15] as well as with
experiment on highly anisotropic substrates such as YZ
lithium niobate where 27/A4 =2 0.4 as compared to unity
for a dielectrically isotropic material. Its inclusion cor-
responds to using as the source term the normal or z com-
ponent of electric field but renormalizing its magnitude
to equal the magnitude of the parallel component E,. This
is plausible because kg2 = 2Av/v is associated with the
slowing of surface waves by shorting out E, rather than E..

4
F(B) I Fi(ﬁ,m) = |:1_r %)'fikozoi
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Fig. 4. Transducer composed of N sections, acoustically in cascade and electrically in parallel.

The shunt element 7B, is given by
By = 3%(| BF(8) |?) (14)

where 3¢ denotes the Hilbert transform. This element is
necessary so that the network of Iig. 2 is a causal circuit.
Evaluation of this transform will be discussed in Section
IV. The admittance coefficients for the circuit of Fig. 2
are given in Appendix II.

Performing the Fourier transform indicated in (13)

r/z ( ) ( i)
ne=1/2 11

M1 _— 5
e (i — 1/2)" Y aun® (—5)nT (ﬂj;_) '

m=0 n=0

4 Bo
Fr’(ﬁ;"h‘) = [1_r g_ fikO?Ci

(15)

The reason for using Chebyshev polynomials in the
electric field expansion is now apparent; the expansion for
E, transforms term by term into the eylindrical Bessel
functions J, given in (15). Equation (15) is the key result
of this paper since, with the a coefficients tabulated in Ap-
pendix 11, 1t completes the circuit of Fig. 2 for any electrode
wn any environment. In order to select the proper set of
o’s for a given electrode, one notes the polarities of the
nearest and next-nearest neighbors, invokes any necessary
symmetry rules as desecribed above, and refers to the case
numbers listed in Appendix II. Our circuit model com-
puter program includes such an algorithm for selecting
the proper «’s for each electrode. The program then cas-
cades the circuits of the various electrodes to form the
circuit for the entire transducer and finds all the three-
port transfer functions. It can also analyze delay lines or
filters with two transducers and systems with two sequen-
tial filters. Each transducer may be periodic or dispersive,
apodized* or unapodized, with arbitrary polarity sequences,
but the electrode dimensions must not vary too rapidly
from electrode to electrode.

4 When the transducer is apodized and operated in a filter whose
other transducer is unapodized, the expression for F,(8,7:) given in
(13) and (15) must be multiplied by (w./w)¥2 Here w; is the
aperture of the zth electrode and ws is the largest aperture of any
elecirode in the apodized transducer.

IV. NETWORK ANALYSIS FOR THE
ENTIRE TRANSDUCER

The network for the entire transducer consisting of N
electrodes is obtained by interconnecting the individual
electrode networks (Fig. 2) according to the block dia-
gram of Fig. 4. It is convenient to deseribe each individual
network in terms of admittance coefficients y;; which are
easily found by circuit analysis of Fig. 2 and given in Ap-
pendix III. The recursion relations for combining the
4 of all electrodes to find the Y;; admittance coefficients
of the entire transducer are given in [ 3, appendix A ]. The
Y,; coefficients of the transducer are of course sufficient
to characterize all its three-port transfer properties by
the analysis described (for example) in [1] and [3].

All the elements in the one-electrode network (Fig. 2)
were specified in Section III. The element jB; requires
evaluation of a Hilbert transform of | 8F(§)/2 |2 which
must be done by numerical methods. It is clearly dis-
advantageous to calculate and store |BF(8)/2 [ as a
function of frequency for all N electrodes and then to
perform N numerical Hilbert transforms to find the N
separate elements jB; for the N electrodes. It is shown
in Appendix IIT that the correct V; coefficients of the
entire transducer can be obtained even if the elements
JB1 are omitted for each electrode. After all of the one-
electrode ecircuits are cascaded according to the block
diagram of Fig. 4, a single Hilbert transform can be used
to find a single added suseeptive element across the trans-
ducer’s eleetrical port, yielding the same result that would
have been found if all the jB; elements had not been
omitted.

V. ILLUSTRATIVE RESULTS

A. Coupling for Single Electrodes with Arbitrary Metallizo-
tron Ratios up to the Eleventh Harmonic

The first case investigated with the new circuit model
is a periodic, single-electrode transducer with 20 elec-
trodes. This is an excellent approximation to an infinite
transducer and provides a test case since the infinite
periodic transducer was analyzed in [12] with the same
circuit model and the fields from [8]. A convenient
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measure of the coupling is the effective £? defined by

Q!
2N -

kef i2 =

(16)

where N is the number of electrodes in the transducer and
Q). is the radiation @, given by

_ 2afuCr
Go( fu)

i.e., the ratio of capacitive susceptance to the radiation
conductance at the Mth harmonic frequency fu. The
effective k2 is proportional to the intrinsic substrate cou-
pling ks = 2Av/v. Therefore, in Fig. 5 we plot kee?/kd?
versus metallization ratio 5 for the harmonics M = 1,3,5,
7,9,11, for 20 (many) single electrodes. These curves are
in agreement with the formula given in [12], where ex-
perimental points from various authors were also found
to agree reasonably well with the theory for M = 1,3,5.
We reemphasize that the effective %? at the harmonic
frequencies is only one representative result from the
circuit model which can calculate all the transducer three-
port properties at all frequencies [17], [3]. One point is
provided in Fig. 5 to illustrate end effects in short trans-
ducers. The effective k2 for a 5-electrode transducer with
n = 0.5 operating at the fundamental frequency is shown
by the large dot labeled 5 electrodes. There is an 8-percent
reduction in k. caused by end effects in the 5-electrode
transducer. The shape of the insertion loss function (not
shown) also deviates somewhat from the usual (sin z/x)?
shape because of end effects.

Q, (17)

B. Coupling for Double Electrodes with Arbitrary Metalliza-
tion Ratios up to the Eleventh Harmonic

Fig. 6 shows for double electrodes the effective k2 curves
which are analogous to those given in Fig. 5 for single
electrodes. The curves were calculated for a 20-electrode
transducer, which is again a good approximation to an
infinite transducer. Note that the effective k2 is the same
for M = 1and 3, for M = 5and 7, and for M = 9 and 11.
A similar result (coalescence) was found for the quantity
[ BF(B) | for an infinite array of double electrodes in [9].
Again, the reduction in k.¢? caused by end effects on a 5-
electrode transducer with » = 0.5 is indicated by the
heavy dot for M = 1 (fundamental) and for M = 3.
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Fig. 5. Effective coupling versus metallization ratio for a periodic
transducer with many (= 20) single electrodes.
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Fig. 6. Effective coupling versus metallization ratio for a periodic

transducer with many (> 20) double electrodes.

C. Theoretical and Ezperimental Results for an Efficient
Ninth-Harmonic Transducer

Two devices having transducers of 10 double electrodes
were designed, fabricated, and tested with two goals:
1) to verify the curves in Fig. 6, and 2) to achieve efficient
operation at a high harmonic (in this case the ninth har-
monic). According to the data of Fig. 6, the effective k?
for the ninth and eleventh harmonies has a relative maxi-
mum for 3 = 0.5 and absolute maxima near » = 0.1 and
0.9. Consequently, two devices were designed with planned
metallization ratios » = 0.5 and 5 = 0.9. In the actual
devices, measured values of 5 were 0.56 4= 0.05 and 0.88 +
0.05. Theoretical curves for the insertion loss of each delay
line were calculated and it was found that » = 0.58 and
7 = 0.90 give best agreement with the measured results.

Fig. 7(a) shows the calculated insertion loss funetion
for the n = 0.58 delay line. Note that the insertion loss
itself is not — 20 logue ke, but depends on the impedance
mateh between transducer and source at all frequencies.
Hence, the insertion loss for the untuned transducer is

2GLGa(f)
(Gr + Ga(£))2 + (2xfCr)?

i.e., it is dependent on the radiation conductance Go.( f),
which is proportional to k.t?, and it is also dependent on
the capacitive susceptance 27xfCr and the source conduct-
ance (7r. The transducer aperture was chosen so that
2afCr =2 (71, near the ninth harmonie, a design that mini-
mizes the ninth-harmonic insertion loss at the expense of
higher insertion loss at other harmonies.

The measured insertion loss for this device is shown
in Fig. 7(b). The agreement between theory and experi-
ment is generally excellent with all harmonic insertion
losses agreeing within 2 dB or better, and all sidelobes
at approximately the correct level with the proper sense
of tilt (up or down) between the nearest sidelobes at each
harmonie. The fact that the metallization ratio is some-
what larger than intended (3 = 0.58 instead of 0.50) re-
sults in the presence of fifth and seventh harmonic re-
sponse. They are still about 10 dB below the ninth har-
monic, but their presence and level are probably the most
sensitive measure of the metallization ratio as might be
expected from Fig. 6. The fact that the metallization ratio
is 0.58 instead of 0.50 also makes the ninth and eleventh
harmonies less efficient than planned.

1L, = —20 logm (18)
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‘The experimental curve in Fig. 7(b) consists of five
Polaroid photos placed contiguously; the left-hand panel
covers approximately 0-90 MHz and was taken with the
Hewlett-Packard low-frequency network analyzer while
the remaining four panels were taken with the high-fre-
quency network analyzer.

Aside from the fact that the theory does not account
for bulk waves (note bulk-wave response near 80 and 250
MHz), the agreement between theory and experiment is
excellent. Most important is the correct prediction of rela-
tive harmonic levels, which is most significant for overtone
operation. This capability is totally absent from the ordi-
nary crossed-field bulk-wave model.

Agreement between theory and experiment is even better
for the 90-percent-metallization-ratio transducers, as evi-
denced by the data of Tig. 8. The effective k2, from Fig. 6,
is roughly equal for the first eleven harmonics near 5 = 0.9,
and the ninth harmonic %2 is more than 3 times higher at
7 = 0.9 than at » = 0.58. Consequently, this device has
about 10 dB less insertion loss at the ninth harmonic
than the n = 0.58 device. Although fabrication of trans-

ducers with n = 0.9 is difficult at higher frequencies, the
data of Figs. 7 and 8 confirm the accuracy of the new cir-
cuit model. Furthermore, we have achieved efficient opera-
tion at the ninth and eleventh harmonics. By tuning and
matching at the ninth harmonic, the insertion loss can
theoretically be reduced to the 6-dB bidirectional loss.
The most important property, however, is the insertion-
loss/bandwidth tradeoff [5, eq. (32) ] fixed by the effective
k* given in Fig. 6. For double electrodes at y = 0.9, the
effective k2 is slightly less than half the intrinsic substrate
k% ie., ke = 200/v.

D. Theoretical and Ezxperimental Results for a Phase-
Reversal Transducer

An example of a device with a nonalternating polarity
sequence ig a 13-clectrode PRT [177] where the last two
electrodes on each end are reversed in polarity with re-
spect to the normal alternating sequence in the central 9
electrodes. We have fabricated two delay lines using 13-
electrode PRT’s on Y Z lithium niobate with a fundamental
frequency of 30 MHz. The first such delay line has single



860

electrodes with % = 0.5 and its theoretical and experi-
mental insertion loss functions are compared in Fig. 9.
The solid curve labeled new theory was calculated from
the present analysis while the old theory (dashed curve)
refers to the ordinary crossed-field Mason-circuit model.
The new theory correctly explains the following features
not found in the ordinary crossed-field model predictions:
1) absence of a third harmonic response, 2) roll-up of about
2 dB in the main passband, and 3) relatively high level
of the first sidelobes.

The same comparison is made for a PRT with 13 double
electrodes in Fig. 10. The new theory is superior in much
the same way as for single electrodes. First, it correctly
predicts a strong third-harmonic response: the insertion
loss is slightly lower at the third harmonic than at the
fundamental, while the ordinary crossed-field model pre-
dicts the opposite. Second, it correctly predicts a roll up
in both the fundamental and third-harmonic passbands,
although somewhat less accurately at the third harmonic
than at the fundamental. Third, the new theory gives a
good prediction of the nearest sidelobe levels while the
ordinary crossed-field model does not.

VI. SUMMARY OF NEW CIRCUIT
MODEL RESULTS

The circuit model proposed in [10]-[12] is now re-
duced to routine practice since the indicated electric driv-
ing functions have been found here and the design engineer

NEW THEORY
OLD THEORY

26

INSERTION LOSS (dB)

1872226 30 34 38 45\’7882 86909498102
FREQUENCY (MHz)

TFig. 9.
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no longer needs to solve the electrostatic boundary prob-
lem for his particular transducer. The circuit model ap-
pears successful in handling end effects, harmonic opera-
tion, and arbitrary electrode polarity sequences as was
to be expected from using a good approximation to the
electric fields under an interdigital transducer.

Accurate description of end effects is important because
many devices employ short broad-band transducers in
tapped delay lines or as input transducers to drive a long
dispersive or coded transducer. The PRT is a widely used
transducer for flat passbands, and the circuit model,
which accurately modeled the polarity reversals of PRT’s,
is probably equally accurate for coded (e.g., Barker) trans-
ducers. Furthermore, the results can easily be extended to
model broken electrodes by redoing the electrostatic
boundary value problems to include cases with a stripe
floating at some intermediate voltage. On the other hand,
the synthesis procedure which was developed in [3] for
the ordinary crossed-field model has not yet been updated
to include the effects described by the new circuit model.

The effective k? results given here were calculated with-
out the use of different acoustic-wave impedances for the
electrode and gap regions. However, the discontinuity
parameter Ys/Ye = 1.018 was used in the PRT analysis,
an especially important choice for the single-electrode
PRT.

The new model also exhibits the crossed-field-model
property whereby low impedance loads minimize acoustic

INSERTION LOSS (dB)

20 60 90
FREQUENCY (MHz)

Theoretical and experimental insertion loss of a delay line with PRT’s having 13 single electrodes. (a)

Theory—solid curve, new circuit model; dashed curve, ordinary crossed-field model. (b) Experiment.
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Fig. 10. 'Theoretical and experimental insertion loss of a delay line with PRT’s having 13 double electrodes. (a)
Theory—solid curve, new circuit model; dashed curve, ordinary crossed-field model. (b) Experiment.
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regeneration from the load, as previously verified experi-
mentally [187].

The new cireuit model retains the procedure of cascading
individual electrode circuits to avoid approximations about
the spatial distribution of driving fields among the elec-
trodes and gaps of alternating acoustic-wave admittance.
When increased computational efficiency is essential, one
can adopt the philosophy of [13], where one lumped circuit
is used for the eleetroacoustic generation of surface waves,
and the alternating wave admittances of electrodes and
gaps are modeled by external transmission lines. In order
to do this, the appropriate driving function F(8) should
be taken as

F(8) = > Fi(Bm:) exp (—jbz). (19)
The accuracy of adopting this procedure decreases as the
number of electrodes, the substrate ko>, and the electrode
mass loading increase.

The computer program associated with the new circuit
model is completed for all types of nonperiodic apodized
transducers and for combining the transducers into filters
and transmit/receive loops as might be used in radar and
communication systems. However, it has not yet actually
been applied to any transducers other than those described
in this paper and it is recommended that the analysis be
used also for dispersive and/or apodized transducers as
requirements dictate. One further modification to the
circuit model could improve its accuracy in describing
acoustic reflections, namely, the addition of shunt suscep-
tive elements on the acoustic ports to represent energy
storage at the edges of the electrodes [19].

APPENDIX 1

SOLUTION FOR NORMAL ELECTRIC FIELD IN
A FINITE ARRAY OF THIN ELECTRODES
ON THE SURFACE OF A DIELECTRIC
SUBSTRATE

The electrostatic boundary value problem for finding
the normal electric field in an interdigital transducer is
posed under the assumption that the fields under one elec-
trode depend only on the geometry and polarity of near-
neighbor electrodes. It is also assumed that the electrodes
are infinitesimally thin and that the electrode spacings
and widths vary slowly or not at all throughout the trans-
ducer. Pursuant to these assumptions, it is sufficient to
find the normal electric field in a finite array of electrodes
which are uniformly spaced. The electrode-width-to-
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spacing (metallization) ratio is a variable, albeit the same
for all electrodes. Thus the electrodes are identical except
that the polarities (+ or —) may be specified in arbitrary
sequence. By using an array of J electrodes spaced by a
distance L, and solving the boundary value problem for
various polarity sequences, we can find expressions for the
normal electric field at the surface for end and interior
electrodes, single and double electrodes, and electrodes
having nonalternating polarity sequences. The geometry
for the electrostatic boundary value problera solution is
shown in Fig. 11.

The normal electric field at the surface F,(z,z2 = 0), is
proportional to the surface charge density p(x) on the
electrode; there is no normal field in the gaps for infinitesi-
mally thin electrodes. We must therefore solve the integral
equation

JL
V(z,0) = 00/ log [(z — 2")20p(a") dz'  (20)

0
over the array having J elements of length L.
The constant ¢, is given by
- 1
B 27"{[6“5;2 - Exz2]1/2 + 50}

where €,,,€..,€., are substrate dielectric permittivities, and
€ is the permittivity of free space.
The boundary conditions are

Co = (21)

ol

V(z0) = Vo+ Vi for |z — 2| < (22)
where ;. is the center of the sth electrode, and the condi-

tion of zero total charge is

0= / " (@) da. (23)

0
These integral equations can be reduced to a set of linear
algebraic equations via the following steps, where singly
subsecripted z variables are continuous, and multiply
subscripted z’s are discrete:

1) subdividing each electrode into 9 equal segments
and discretizing z in (20) to the values ra (¢ = elec-
trode number, k = segment number) ;

2) defining the center of electrode § as z;.;

3) substituting the following form for p(z;) in the
region of electrode j:

p(x") — 312-1 'anTn(2xi’/S)

n=0 [(S/2)2 — xj'2]1/2

(24)
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where z;/ = 2’ — xj., T» is the Chebyshev poly-
nomial of order n, and the v;, are coeflicients to be
determined;

4) also, defining za; = Ta — x5 Thus (20)—(23)
are reduced to the following set of (9%J) 4 1 linear
algebraic equations for the v;, and for Vy:

Case 1N left-end electrode @ —, same .. as Case 2;
Case 2N left-end electrode @ -, same o, as Case 3;

Case 3N interior electrode — & —, same anp, 28
Case 20;

Case 4N interior electrode + & —, same auwm a8
Case 17,

> {/8/2 T.(22'/8) log | zawj — i’ | dx/
£(8/2)% — =]

+1=Va=262 3,
=1 n=0 (Y—g/2
0 = é m'z_:l {/5/2 Tn(ij'/S) dz;
=1 n=0 |¥_—-8/2 [(8/2)* — x P2

By repeating the solution of these equations for vari-
ous sets of (Vi i = 1,---,12) and values of 4y = S/L,
0 < 5 < 1, we can use a least squares fit to express v;. as

M1
> aum’(n — 0.5)™ (26)
m=0
Thus we arrive at the following form for E.(z,z2 = 0) « p(z)
which we normalize to (AV/L):

E,(xim) [m0 AL e .
TV Z(n—05)

T (2z;/mL)
(L2 — apn 1)

where the subscript 7 on the continuous variable z; indi-
cates that this expression represents the fields under one
electrode. The constant A is that given in Section II. The
om? depend on near-neighbor-electrode polarities and are
tabulated for the various possible neighbor-polarity com-
binations in Appendix II.

Z -

APPENDIX II

CATALOG OF ALPHAS FOR SPECIFYING

NORMAL ELECTRIC FIELD UNDER AN

ELECTRODE, GIVEN NEAR-NEIGHBOR
POLARITIES

This Appendix gives the 22 independent sets of o’s for
finding the normal electric field under one electrode ac-
cording to the expression

Ez(xia"li) lz=0 - AL; R
AV/LA, = 9 mE_o (’71 - )

N1
e e T (2:/nills) .
n=0 [('ﬂiLi/z) z— wi2]l/2

The 22 cases are listed by showing the local environment
polarity sequence 8, for case number p. As described in
the text, —an.® is associated with —8,, (—1)%@w® is
associated with §,, and (—1)""a,,® with —§,. The en-
circles polarity sign refers to the electrode under which
the above expression applies.

Interactions from nearest neighbor electrodes only are
described by the following 4 independent sets of a’s:

}'an -V

'an} . (25)

Case 5N interior electrode + @ -+, same aum as
Case 18.

CASE 1 LEFT END ELECTRODE @ - -

My M-> O | 1 1 2 | 3 i 4 ' 5 1

0oy R.011F-N2 8.90€F~02 44159702 1.023E-01 | 1.489€E-01 | 2.,8l4€-01 |

1l 2,214 -02 7.7228-02 G. €777 -02 1.335F-01 3,453F-01 | 5,736F-01 |
R.007F-02 2.376E-01 | 4.239E-C1 !

t 1 |
| 1 1 i
21 3.047F-03 | 1.845E-02 | 4.479:-C2 | 1
i 1 1.2918-02 | 3.382F-02 1 1.3845-01 | 2.699E-01 |
| [} ! [}
I [} i i

x| 4. 37TNE-04 3,794 -03
af bt 2F-0% T.0G5FE~N4 2. 753C0-C3 Se969E-03 5. €18E-02 | 1.173€~01 |
<i 1.07BE-05 | 1.3546-0€ | 4.165F~04 | 2.436E-C3 | 2.312€-02 1 <.318-02 |
€ASE 2 LEFT END ELECTRODE @ -
1 | 2 | 3 ! 4 ! 5 1
B.E13E-D7 | 4.56AF-02 | 9.883E-02 | 1.549E-01 | 2.701F-01
Ll 200987 -us 1 TL6TIE =02 | 1.031E~01 | 1.349E-01 | 3.453E-01 | 5.728F-01

i § ' §
1 i ' I

21 1.314E-04 § 2.0166-02 | 4.E8TRF-02 | 2.399F-02 | 2.400E-01 | 4.2%4F-01
i 1 | 3.690€-02 | 1.421E-0L | 2.734F-01
1 1 1 ]
| ! ! !

|- ————

3 S 1326 -4 4,.3%88-03 1.47%F -u2

4l T.TPLE-RE | R.LG0E=)6 | 3.2930-C3 | 1.1196-02 | 5.83CE-02 | 1,196F-01
G 1.284F-05 | L.¢C1E-04 ! 5.3967-04 | 2.82RE=03 | 2,420E-02 1 =.476F-02
CA<E 3 LEFT END ELECTRODE @ -

T ! 1 1 P 1 3 1 “ \ s -1

A1 3.3IN3E-02 1 1.23€65-02 -
1l ~4.253F=03 §-1.2630-02 |~
21 ~1.239:=03 |-6.267F-03 1-1.0816-C2 [-8.48%5E~03 1-7,145°-03 1-e,521f-02
31 ~2.114E~06 1-1.553E 13 [-4.46440-03 |~64880E-03 1-9,036F-03 [-5,9256-03
4 —3.123F-05 |-2+99CE~4 [—1,1T74F-C2 [-2.693E-02 -5.034F-013 1-6.1776-03
S5) —4,595E~06 |=~5,4&TF—05 1-2,446f~06 1=8.512F-04& |-2,530¢F-23 1-3.932f-N3

£.236F-03 1 1.021E-02 §i-1.9575-02 } 3.30S5E-02
~9.N36F-C3 1-2.441F-02 1-3.459E-03 | 5.347F-0%

FASE 4  LEFT END ELECTRODE @ + 4

HY M=> o { 1 t 2 | 3 i 4 i 5 1
0F  2.27BE-02 | 7.460°-03 [-3.%60F-03 | 5.5386-03 {~1,126£-02 | 1.ROTE-02 |
11 -S.652E-03 {~1.287F-02 1-3.%625~03 1-1.145€-03 {-2,A196-03 |-5.30CE-04 |
21 —8.393E-06 [-3.862F-03 |-5.652F-03 [-3.746E-03 |-4,074E-03 {-4.N51F-03 |
3| ~1.106E-0s | =T7,708F -04 [=2.0TW =02 §-3.101F-03 [-4.438E-33 |-5.362F-03 |
4] ~1.456E-0f [-1.358E-N4 [~5,.195F-04 |-1.188€~C3 1-2.403E-03 [~3.168E~03 |
A =2.0826-06 1=2.403F~05 (-1 166F~0 [=3,747F~04 1-1.19AF=03 | ~1,949€-03 |

SECOND ELECTRODE FROM LEFT - @ - -
Ni N> 0 1 1 1 2 1 3 ! 4 ' 5 |

Al 1.147E—BL | 1.%3(F-01 | 6.439F-€2 | 1.9Q0E-01 | 2,240F-01 | 7.182E-01 |
1F 2.271E-06 |-1.63€F=06 (~1.153F-03 | 2.906E-N4 | 3,E20F-04 | 5.046E-04 |
21 5.2R%5E-03 | 3.26€6E-02 § AL103£-02 § LSUSE-N1 | 4,641F-91 | 8,353F-01 |
3| ~2.2TBE-0F 1-1.4TBE-0S 1~-1.708(-05 | 1.0008-04 | 4.581F—04 | €.816E-02 |
4]  1.15SE~04 | 1.27SE-03 | 4,876F-03 | 1.816€-12 | 1.074€-I1 | 2.273E-01 |
5] —2.045E-07 |—2,1€SE-04 1-1.004F~05 1-1.916€-9S | 1.011E~05 | C.281E-0F |

SECOND ELECTRODE FROM LEFT - @ -
N oM-> 0 | 1 i ? ! 3 4 | 3 [

OF  1.070E-01 | 1.4S€F-n] S BasE 02
1t -1.9450-03 §-3.1€¢06-01 2.309F-02

1 i REGFE-P1 | 3.,297F=d1 | T.,072F-nY |
i i
2l 5.763E-03 § 3.543F-02 | 8,714£-02 |
f §
| ]
i [}

1.
14227F=03 {-2.230E-04 |-3,02¢6-04 |
1.566€-n1 | 4,6B2F-31 1 A, 393F-01 1§

31 5.369£-05 | 4.L04E-04 1.4286-03 2.4€2F-03 | 3,0T0F-D3 | 2.876F-02 |

(3} 1.331E-04 | l.44CE-03 5. %R1E-03 L.980E-02 | 1.106F-N1 F 2,310E-N1 |
&) 1.418E-04 | 1.733t-05 8.746F - ¢S 2e854E-0% | 8a5RE-04 | 1.195F-03 |
CASF 7 SECOND ELECTRODE FROM LEFT - @ + -

N§ ¥-> 0 1 1 | 2 ! 3 i 4 1 5 |
OF  6.9R1E-02 | B.GLTF-02 | 4.365F-02 ASLF~-02 | 1.554F-01 | 3.71«4E-01 1
1l —2.97€E=02 |-9,90€E~0? 1-1,117F~01 366F -1 §~3,5005-)31 1-F,T42F-N1 |
2t «5B2F-03 | 1.(89%-02 | 3,1CAF-C2

i

262F-02 {-1.5088~01 -?.038¢-0]1 |
TTIE=N3 | 4,921F-02 | 1.079%-01 |
545F-03 1-2,653E-02 1-S.RE2E-N2 |

ST2LE-L2 | 2.246E-01 | < 113E-N1 |

&l  3.262E-05 | 3,937 -06 | 1.4640-03
51 —1.6606-05 |-2.,047 =04 {-T7,%50F -C4

[
-1
[
3| —6.9616-0¢ |-S.TL1E-03 {-1.84TF-02 |-&
[ Y
V-3,
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1 r ” - .
(ASE  ®  SECOND ELECTRODE FROM LEFT - @ + o+ ASE 1 INTERIOR ELECTRODE MOR:
N \ ) ' , | 3 \ . | . ) AR ! 1 I 2 i 3 | 4 ] 5 )
- - oo - A 3. 01F : ___________ :"“:“ - e 29F~ 1o e 12 011F-0
0] 6.288E-02 | T.P16F=02 | 4.763F-02 | 9,537€-02 | l.¢11¥-01 | z.sn;r-r’zx : ‘1‘: g-"f’“‘ a2 : b-:‘"‘ O : ‘;-:-"‘F 03 l‘ 232 F-03 ll 5.836 0z ! ”.nu 2 |'
L —3.2516-02 (-1 027E-01 1=14073-0L (-1.35AE-01 [=3.6128-71 {-2.747F-01 ) o e e LS b o
21 1.977E-03 | 1,32€7-02 | 3,695 -02 | T.180E-02 | 2.275E-01 | g-naseon | :: 2.197¢-03 |I 1127 02 1-taaene=cz 1-1.635F-02 [-we 210502 || 1.760¢-02 :
3| ~£,213E-04 {-5,116E-03 [-1.662F -2 1-3.970F-02 }-1.4 ~ ~7 A TE= B o - o _ . } - }
4l 4.071E~05 | 5.£04E-04 | 2.130E-02 | B.289E-C3 { 5.190F=07 | L.10AF-nL | ;l' -g-g’vﬂE-OE :—;-34‘4 3l || 42‘.‘1)1% [ : 3.:10& 03 Il g.;nns 03 : (l).(l’ééE 02 :
51 =1 4RAE-NE | ~1.606F NG |~£.35AF=C4 |~2.1T4F~03 [-2.556E-02 1=-5.7208-0? | >0 7 e e e e L DO . A,
- : s -
(aSE o SECOND ELECTRODE FROM LEFT  + @ - - ASE 15 INTERIOR ELECTRODE + @ o
s M Me> 0 i 1 1 - i 3 | A 1 5 I
NI M-> 0 i 1 | 2 | 3 1 4 ! 3 ! RS L - R
= - - - = - ~1. £ - . -nz
Ol 6.321F-02 | 7.636E-02 | 4,5535-02 | 0.508E702 | L.E9SE-0L | 3.336-01 e et i | artesoor | elag1r-te 1oLiiesti0e I-pateitone 1
L1 3.234£-02 4 1.0246-01 | 1.072F=C1 | 1.356F=A1 | 3.€165=01 | 5.750£-01 | L 2 e O L T s ks s s
21 2.106E-03 | 1.2920-02 | 3.7516-02 | 7.4242-07 | 2.311E-01 } 4.171F-01 | 31 TaO4EE-0S | b.25UE-0& | L.OCAT =03 1 9 388E~(3 | 1,290T-0% § 2.548E-C3 |
31 6.2876-04 | 5.1726-0% | 1,680F-02 " “‘;‘i‘;:'g% ’, L;Z;E_‘,{; '| 53;22—2; ', Gl —4s4PBF-OF |-4.225F-04& I-1.0586~C1 | 3.962E=03 1-7.6R6E-03 |-C.7R4E-03 |
41 4.560E-(5 | 5.36BF-04 | 2.077E-C3 | 8.333E- . 2628~ L124€-0 « 428702 227F mel 62E- - &
S 1.46SE-0F | 1.818-06 | 6.4175-N4 | 2,196F=03 | 2.566E-02 | $.73RE=07 | .i'.--fl?ff-ff-l_f:-ffg A8 b 1,2008 -04 3 A03F-04 i o.enzc_(_u | 1.603 nz_l
\ RODE - @ -+
CASE 10  SECOND ELECTRODE FROM LEFT  + @ - CASE 20 INTERIOR ELECTRODE  +
- > 4 c
MM 0 ! 1 1 2 ! 3 ' 4 ' 5 1 N> 0 ! ! ! ! 2 ! ! !
- - ser- L0070l 1 1,R07E-0 L3326-91 | €.998F-0
01 S.833E-02 | T.14GF-02 | 4.313E-02 | 9.357F-02 | 1.£32-01 I‘ 3.55:§-g% |' ‘;"‘ é-gwf 0 : (1”“) €m0l : (1‘ go 1 X {l‘_nl‘ 1 : 2(3 2€-3 | g-o 3F-n1 |I
11 3.075£-02 | 9,987 =02 { 1.GSTE-Cl { 1.370E-Cl | J.503F-31 { 5.745F- -0 s L s T et b el § o Yaneny
20 2.3636-03 { LLs8TE-02 | 4.1516-02 | T.A40E-02 | 2.3376-01 | 4.1696-01 | LA L A I T S BN by '
31 €e6226-04 | S.475E-03 | L.786F-02 | 4.1B8E-02 | 1.L9RF- .829€ - —_— T U o S
4l 5.985E-05 | €.607E-04 | 2.586F=03 | S.549E-03 | 5.479E-02 | 1.148F-01 | MG | et |2 bl imeor s |
Sf 1.596E-05 | 1.0756-04 | 7.209F=04 | 3.446E-03 | 2.6295~07 1 =.824F-n2 | - 0 e e
€4SE 11 SECOND BLECTRODE FROM LEFT + (¥) + - CASE 21  INTERIOR ELECTRODE + - @ F—
N oMe> 0 1 1 1 2 1 3 | 4 I 5 I NEM> 0 | 1 I 2 I 3 | 4 5 i
0] 2.063F =02 | 2.5236-03 |-5,%48F=03 | 5,191E=03 |-1.068E-17 1 1.9256~02 | Dl _5.801F =02 | T,3606-02 | 4,8055-u2 | S44CAE-02 | 1.627F=01 | 3,563E-01 §
Ll 2.434E=03 | 3.5170-03 |-344856-03 (~1.039€-03 | 2.1656-04 | 3,935E-04 | 1] 13.0415-02 [-9.0288-02 |-1.098E-C1 I-1.370E-01 1-3.€L10F-01 I-%.748F-01 |
28 14772603 |~B.693E-03 |-1,423F—02 {-1.0816-02 1-9,7526-03 {-8,897E-03 1 21 2.0332E-63 | 1.6&0F-02 b 4LN86E-02 { TT3EF-02 | 2.324F-01 | 4.17SE-01 |
3 ~6.9036-05 |-5,L74E-N4 |~1.703F-03 1-2,774E-03 |-3.256E-03 1-3.003£-03 | 3| -6.T9EF b 1=5.RCSE-N3 f-1, 818702 {=4.237F=02 [-1.E0nFe0]l [=2.P30F-01 |
4l —4,008F-05 |-3.00Cf-04 1~1.485F-01 {-3.390E-02 |-6.470F-07 {-8.080F-03 | 4] €.00SE-05 | 6.€ERE-0a | 2.600FE-03 | G,509F-03 | 5,645E-02 | 1,163F=N1
51 =1.7516-0f 1=2.113-05 I=1.0536-06 |=3.34RE-04 (-9.101E-04 1-1.3246-02 | 51 =1e612E-05 |=1,SG4E =04 (=7, 0L =04 (=3,682F 03 1=2.¢44E=02 [~5.6F1F-07 |
CASE 12 SECOND ELECTRODE FROM LEFT  + @ R CASE 22 INTERIOR ELECTRODE + + @ + o
NEEE | 1 | 2 I 3 | 4 | 5 | NE Me> 0 | 1 t 2 I 3 ) 4 | s i
1 1.549E-02 | 1.5B4E-04 |-2.%20E-03 { 2,9426-03 |-7.010F-23 | 1.139£-02 | 31 2.066E~02 | 2.311F=03 [-3,3656-02 | 4.5ACE-N3 [~1,067E-02 | 1.684F-02 |
Ll 4oL14E-0L | £.246E—04 (—2.541F=04 | 1.496E~04 1-7.7916-04 1-2.267F-04 | 1 0.0 1 0.0 1 0.0 1 0.0 a0 9. i
21 -1.537E-03 1=T7.0G06~03 1-1.040E-02 1-6.85AE-03 |-7.334E=03 | =7,263F-03 | 2 ~24091E-03 [-C,7416-02 |-1,461-02 [=1.919F=02 {-1.1165=12 |=1.114F=C2 |
04SE=0% | ~1.410F =04 |-3.720F =04 |-5,464E-04 =8, 272E~06 |=1,056F-N3 | 3l 0.0 1 0.6 t 0.0 1 0. 0.0 1 e.a ]
4] =24 T440~0F 1-2.56LE-04 |-9,664F-04 §~2,180F-03 |-4,332E~03 |-5,672E-03 | 4] =2,531E=08 [=3,208F =06 §-1.272F~113 1=2,9643F=N3 [-6.101F-03 i~9,170E~02 |
58 ~20284F-07 |=2,4BEE~00 1=1,264F 05 |-4,4%4E~N5 |-1.684F -0t |~2.955E~04 | 51 0.0 vt | 0.¢ 1 c.o i c.0 I o i
fAST 13 INTERIOR ELECTRODE - - @ - - APPENDIX ol
N v o | 1 | 2 1 3 i 4 1 5 |
A1 1.130E-01 | 1.E18F=01 1 9.380E=C2 | 1.BSTE=01 | 3.249E-01 | 7.17LE~01 | -
1t a0 f oi0 | .o 100 I oo %0 i DETERMINATION OF CORRECT Y,; ADMIT-
P S.4TUE-03 | 3.345E-02 | R.2TIE-02 | 14526E-N1 | 4s664E-01 | 8,381E-01 | . y .
TSI Qi I | Jrrer | et | S PANCE COEFFICTENTS OF A TRANSDUCER
4l 1.178F-04 | 1.208F-03 | 4.CTSF-03 | 1.843F-n2 | 1.0848-01 | 2,2P6E-01 |
oo Lo I a.0 ' e ' 0.0 I o ! WHEN THE CIRCUIT ELEMENTS jB, HAVE
e O S ELECTRODE CIRCUITS
fMes o | 1 | 2 1 3 | 4 l | .
3 Ta0meron1 1 1.iE16-01 1 9.REEotr 1 1.370F-01 [ 3.2757-m1 1 7.109F-01 1 In Section IV it was pointed out that it is not computa~
Ll —2,0676-03 [-3.4P7F~03 | 4.875F—-03 | 4.301F-Ne¢ | B.858E-05 1-£.926F=-04 | . - . -
21 5.563E-03 | 3.4LGE-02 | B.59NF=02 | 1.55RE=01 | 4.686F-N1 { B.395£-01 1} tlonally feastble to calculate and store the data reqmred
3 8.662E-0R | €.7310-04 | 2.032F=02 | 3,160£-03 | 3.515E-03 | 3.2018-03 | i . .
41 Li26eE-04 | 1,3%07-03 | 5.371€-03 | 1.9416-02 | Lioze-oil | 2.306k-01 1 t0 find the N elements 7By by numerical Hilbert transform
S| 2.1906-06 | 2.6CTF-05 | 1.283F-C4 | 3.9736-C4 | 1.042E-03 { 1.487F-03 |
e for the N electrodes of a transducer.
By circui 1 flicie i
ez 15 wremorsiscmons - - (B ¢ - y circuit analysis the admittance coefficients (yi5) for
N oWes Lo 2 o a e s the eleetrode portion of the circuit of Fig. 2 may be shown
01 T 1376-07 1 1.6767-07 | au169F-02 | 9.954F-02 1 L.e33t-01 | 3.750-01 | O be
1 —2.979E-02 [-9.6€F-02 I-1o10BE-OL [-1.367F=A1 I-3,5L4E-01 [-5.7S0F-01 |
20 1.53PE-03 | 1.0609-02 | 3.0726-02 | 6.7TLE-02 | 2.257F-01 | 4.123F-01 | 7 v
A —T.007E-G4 {-€.7476-03 I-1,859E-02 [-4.293E-02 I-1.512E=01 1-2,846F-01 | = = — €O
ol hlaver_os | 3ihestone | 1oasr-n3 | 6.5e06-03 | 4.oisf-07 | Loosoem | Y1 Y22 JLom
6 ~1.653F-0% 1-2.061F-04 |=7.5206~04 1-3.5686-03 1=2.662E-02 |=5.879E-02 |
Y12 = JZmesC ¥
(ASE 16  INTHRIOR ELECTRODE - - @ + o+ ‘
. m . .
TS X 1 | 2 L2 i “ | s 1 yn = —] —'2 exp [—7(¥/2) [ (1 — j cot ¥)F(B)
01 £,45AE-02 | 7.674F-02 | 4a603F-02 | 9.623E-02 | 1 S91F-31 | 3,639€-01 1
1 —3.3246-02 [=1.0266-01 f-1.051F~01 f-1.3666-01 1-3,811E-01 1-5.,7565-01 |
21 1.8826-63 | 1.208E-02 | 3,854F-C2 | 7.217E-02 | 2.286E-01 § 4.146F-01 | : " ]
3 —-6.01TE~04 |=6.GRSF=03 {~1.633E-02 |=3.949E~02 }-1,474E~01 |-2.811E-01 | + jcse YF" (ﬂ)
41 4.5626-05 | 5.264E-04 | 2.006F-03 | £,089E-03 | 5,180E-02 ¢+ L.110E-n1 {
5| <1.605E=D% {~1.74EE~04 |~6.089F-Ch I=2.108F=03 [=2.%486-02 1=5.715F-02 | Yol
- m - .
Y = —~j——exp [—j(¥/2) ][ j csc ¥F(B)
¢aSE 17  INTERIOR ELECTRODE - + @ -+ 2
NI M=> 0 i 1 | 2 1 3 1 4 | 5 1
» %
-------------------------------------- : — jeot W) F*(8) ]
01 8.790E-02 | TLERTE-02 | 4.460F—02 | G.785E-02 | 1.557F~01 | 3.602F=N1 | + (1 J ©o ) ('B)
10 2.670E-02 | S.487-N2 | 1.156F=G1 | 1.371E-0L | 3,520F-01 | S.734E=nQ |
21 1.615E-03 | 1.148F 0> | 3,3456-02 | 7.091E~02 | 2.273E=01 | 4,131-01 1 8 v w
31 MG1%-UL | £.44Z 03 | 2,064F~02 | 4.60TE-02 | 1.S4RF-01 | 2,A7AF-01 | . . . \
C) 3.TOEE~0F | LLE3EE-04 | 1,T43F-C3 | 7.5296-01 | 5.080F=02 | 1.098E-01 | gz = ij' +iBi+5= cof,——Fo?(ﬁ) + tan -— Ff(ﬂ)
<
£l 1.BeCE-0T | 2.2G€t~0a 1| RLTREF =04 | 3.940E-03 | 2.766F=02 | €.027E-02 | 2 2 _2
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where F (8) is the excitation function defined in Section II.

Suppose that the element jB, is omitted from the net-
work (Fig. 2) for each electrode, then the only erroneous
admittance coefficient for each electrode will be ys; (where
port 3 is the electric port) since the element jB; is a pure
shunt susceptance on port 3. Reference [3, appendix A7]
gives the recursion relations for finding the overall trans-
ducer admittance coefficients Y;; from the single element
coefficients y:®, & = 1,2,-++,N, where the transducer
consists of single elements interconnected as in Fig. 4.
From these relations it is clear that the coefficients Yii,
Vi, Y13, Ya, and Y3 do not depend on the y3%® and will
thus be calculated correctly from the recursion relations
even though the y:;® are in error. Only the coefficient ¥z
will be in error and it may be determined as follows.

When the transducer radiates onto an infinite substrate,
the acoustic ports of the equivalent circuit are terminated
in the characteristic admittance Gy as shown in Fig. 11.
Under these conditions the input admittance at the electric
port takes the form

Yin = juC +]Ba(f) + Ga(f)
= Y33 + f( Yll) Y127 Y13)Y22; st,Go)
I I |

Imaginary® Complex

The only erroneous term, Y3, is purely imaginary and
consists of the transducer capacitive susceptance ( jwC-—
correct) as well as a contribution to B.{ f) (incorrect be-
cause the elements jB; were omitted from the one-electrode
circuits). In particular, the (real) radiation conductance
G.(f) arises from the term f(Vy,Vis,Y1s,Vos, Yos3,Go) and
is thus caleulated correctly. We can therefore calculate
the correct value of B,( f) as

Bo(f) = 3(Ga(f))

where 3¢ denotes the Hilbert transform, since the transduc-
tion is a causal process. Comparing the correct value of
B.(f) so caléulated against the erroneous value deter-
mined from the incomplete one-electrode networks yields
the dppropriate correction to Y. With all the V,; now
correct, we have a complete description of the entire
transducer. The correction term for Ys; may be added
as a shunt susceptive element across the electrical port
in the equivalent circuit for the entire transducer.

Assuming that the transducer is internally lossless.
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